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PROPELLER VIBRATIONS AND THE EFFECT OF 
THE CENTRIFUGAL FORCE 
By T. Theodorsen 
SUM.I1ARY 
A method has been devised for determining the fre-
quencies of the various modes of a stationary propeller 
and the associated crankshaft. A meth od has also been 
devised to obtain the effect of the centrifugal force on 
a revolving propeller by the use of a flexible model . 
INTRODUCTION 
A noticeable increase in the number of propeller 
failures has recently focused the attention rather strong-
lyon this problem. The status of the knowledge on this 
question will be briefly indicated in this paper . SOIDe 
of the recent work by the National Advisory Committee for 
Aeronautics is presented and an attempt made to give cer-
tain tentative recommendations with respect to future 
practice, insofar as this is definitely possible . Propel-
ler failures may apparently be subdivided into two class-
es : shank failures and tip failures. The various modes 
of vibration that a propeller is capable of performing are 
first described and convenient methods of determining them 
explained. 
In a first approximation, the propeller is a tapered 
beam symmetrical with respect to the hu b axis . A beam 
supported in the midd le is capable of performing two types 
of vibrations, which shall be referred to as "symmetrical" 
and "nonsymmetrical" . The three lowest modes of each type 
are indicat ed schematically in figure 1 . 
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Fi gure 1. 
I n rega r d to the symmet rica l type of vibrations it should 
b e not ic ed ( fig , 1) tha t the p oin t of symmet ry is fixed or 
preven t ed f rom performing a pe r pend icu l a r motion . Th is 
condition i s strictly in accorda nce with the s ituat ion o f 
a prope ller mount e d on the eng i ne . The fore-and- aft mo -
tion of the p ro pelle r hub is of the orde r of some thous -
a n dth s of a n inch, whil e the mo tion of the tip in any case 
of c onc e rn i s several hundr ed ti ne s l arge r. Wi th the cen-
ter f ixed or f ree , the difference i n the frequen cy of vi-
brat ion is quite consi de r able in the case of a rectangu-
l a r beam, for which the frequencies are known . (S ee ref-
erence 1 . ) 
Figure 2 g iv e s a comparison of the two cases, includ-
i ng the frequency formulas . The free beam is therefore 
s een to e x ecute fr equ enci e s that are h i gh er than those of 
the beam f i x e d at the cent e r by the follow ing factors : 
First mode : 1. 61 
Second mo de : 1 . 38 
Third mo de : 1.21 
The results a r e i l lus t r at i ve , out of cour se almost mis lead-
in g as to magn i tude, as tne effect i s much less p ronoun c ed 
on a tapered beam o r a p r opeller , i n pa r t icular with re-
spect to the t h ird mo de , which is ordinarily of most con-
c e rn . The following discussion will be restricted to the 
I 
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type with the center fixed, as being the only one of in-
t e rest. 
Cen t er fi xed (1) Beam f ree 
li = ex 3 . 752 
( 2) 
1: = C x 10 . 992 
3 
7 ~ <C::::=' ~--=:::::;::> <--==-------~ 
l~ = C x 1 5 . 71 2 
~ "C7~ =-:::::::;;;>"~~ 
N = ex 17 . 28 2 
C -~ ~ 
- 2IT L2 J P L = 1 e~g th of beam . K = t h e r a iiu s of gyra t i on 
l igure 2 
In order to create this type e xperiment a lly, it is 
very conveni ent to moun t the prope ller on a shaf t a nd 
then subject t he shaft to an alternating torsiona l twist -
ing mo ment . To obtain the tuistilg monent, the ~ational 
Bur e au of Sta ndards h a s employ e d a n electric motor mount -
e d on the shaft a n d suppli e d TIit ~ a n alternating cu r r e nt 
of the desir e d frequency (r e ference 2) . Th e N. A.C . A. has 
adopted a slightly di f ferent scheme , convenient because 
of its simp licity a nd the p ossibility of obt a ining as 
ma ny of the hig her modes as are de sir e d, usua lly as hig h 
as the fifth order. 
j 
4 IT . A . b . A . Technical Note N6. 516 
~EASUREMENT OF PROPELLER FREQUENCIES 
This method consists i n mounting the propeller di-
rectly on the eng i ne to which it belongs and mounting a 
high- fr equency v i "bra t or on the crankpin . (S e e fig s. 3 and 
4 . ) The vibr ato r is a small air- driven turbine with a 
slight unbalance of the mass . The type used at present 
is capa ble of runn i ng up to 30,000 r.p . m. The un"balance 
can be altered to suit the requirement . (Se e fig. 5 . ) 
The vibrato r tu r "b i ne is connected to a regular precision 
tachometer through a 20 : 1 reduction gear . It is mounted 
on the crankpin with the axi s parallel to the engine shaft. 
The unbalance is adjusted to give a measurable deflection. 
The f re quency of the various modes are then directly read 
on the tachometer. 
For . those not entirely fam i liar with the subject, it 
should onl y be mentioned that the lowest mode is of the 
order of 2 , 000 cycles pe r minute; the second around 6 ,0 00 ; 
and the third approx i mately 10,000 to 12,000 cycles . The 
engine is not capable of produc i ng vibr at ions oth e r than 
of the symmetrical type . Th ey are further restricted to 
the fixed- center class . The former statement is obvious, 
since the i mpulses from the eng i ne act on both or all pro -
pelle r blades in i denti cal manner. The reaso n for the 
second statement has already b een g iven. 
The v i b r at i on frequencies have been obtained at the 
Langley Memorial Aeronautical Laboratory on a numb e r of 
con v en t ion alp r 0 p e 11 e r s ; bu t, sin c e the e xp e rim e n t can 
very eas ily be repr oduced , these are of little general in-
terest . As is a lr eady known, the ang l e of pitch has a no-
t~ceable inf l uence on the frequency . The effect is not 
very large, howeve r, th ro ugh the ordinary range of pitch · 
a n g les . 
Regarding the locat i on of the various nodes. these 
may readi l y be obtained e i the r by the du st method commonly 
used or by a vibration- amplitude recorder of the type de-
scr i b e d i n reference 3, which method is used by the Labor-
ato ry . I t should be emphasized , however, that an exact . 
determ i nati on of these nodal points serves no particular 
p urpose since , fi r st , they a re considerably altered by the 
effect of the cent ri f u ga l fo r ce and second, because a pro -
peller is not expected to be op erated in a state of criti-
cal Vibration , as shall "be pointed out more clearly . Only 
a s a matter of explaining or analyzing definite cases or 
---. ------
• I 
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propeller failures are these nodal points of interest, as 
they help to establish, to a certain degree, the exact 
location of expected maximum strains. In fact, the inter-
est in the strain due to vibration is only for the pur-
pose of explaining why certain failures occurred; thus 
learning how to avoid certain dangerous conditions. 
The following paragraphs will be devoted to a discus-
sion of how to alter the shape of the propeller so as to 
obtain more or less specif ied vibration frequencies; or, 
in other words, to point out how any one of the various 
modes may be made to appear at higher or lower frequencies. 
The frequency of a certain mode of vibration is given 
by the formula 
·n If N = :2 ---; f(s) 
2 TT L U 
(See reference 1 , page 361)~ 
where L is the length of the propeller blade and n is 
a quantity representative of the thickness, say the diam-
eter at the hub; f(s) is a function of the relative shape 
of the propeller and depends also on the mode . The numb e r 
f(s) is the same for all ~i~il~:;-_ blades; that is, simi-
larity in cross section for similar locations along the 
l~ngth L. Starting with a certain original propeller, 
all dimensions along the length axis may be increased in a 
certain proportion, or all dimensions in the plane perpen-
dicular to the length axis be increased in a certain ratio, 
or both . The function f(s) will not be altered by this 
process. Note that this kind of similarity differs from 
the ordinarily used definition in the fact that two factors 
of proportionality are involved , one giving the ratios of 
cross sections and the other the ratio of lengths. The 
resulting "similar" bodies are all perfectly orthodox pro -
pellers, and furthermore it can be shown that all types 
of propellers are rather closely related so that the func -
tion f(s) is not very appreciably altered. 
The first important rule is: The frequency of the 
various modes of vibration varies directly with the thick-
ness and inversely with the square of the length. 
If an increase in the frequency of any particular 
mode is desired (a problem frequently encountered), and 
this result is not wanted at the expense of an incr ease ip 
we i ght of the propeller or an alteratio n in its principal 
dimensions, the procedure of reasoning is as follows: 
1 
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The f requen cy o f a ce r tain mo de is dependent 
on the r atio of the ene r y s tored in the deflected 
structure in the pa r t icu l a r mode to a certain ef -
fect iv e mass of the st ruc ture . Near the nodal 
po ints, stored ene r GY is s naIl since the curvature 
is snaIl . Near the loops, t he sto re d energy is con-
siderable and is p ro po rtional to the s quare of the 
curvature (or defle ction) , and to the quantity EJ . 
The frequency may be increased by increasing the 
stored , or potent i a l, ene r gy in the re g ion near the 
g r eates t cu rvat ure. A second rule c a n therefore be 
exp r essed very s i mp ly : 
To increase the frequency of vibration of a 
c e r tain _o de increase the stiffnes s at point s n ea r 
g reatest cur vature (loops) by removing mass from 
point s near s mall curvature . 
In orde r to i llust rate the method , r e f e r to figure 
6 s ho wing the third mode of vi bration (symmetrical , cen-
t e r fixed) . 
I 1 fL W--, ---_· /, ~-' -~'--1 I --r-/ ~ x 
I 
Axi s ::?ig'lre 6 . 
ate that ~o ints of Greatest c u r vature are a, b , and some 
po int c near the hub ; t~e points of leas t curva ture are 
the tip x, some po int near the mi d tUe n ode at y, and 
t he inn e r po int z . Be cause of the ema Il de flections nea r 
the hub , the c entral portion has a v ery s illa ll effect on 
the f r equen c y . The p r ocedure in r a i s i ng the freque ncy of 
the th ird ha r monic cons i sts pr i ma rily in re movi ng mass 
from the t i p to the re g ion near a in the mi dd le of the 
outer l oop , and seconda r ily by removing mass from the 
p oint y near the mi d dle n ode to the p oint b in the 
mi ddl e of the i n ne r loop . I t slould be noted i n addition 
- ~ ~~---.- - -----_. - ---_. 
. I 
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that the thickness-chord ratio at a and b should be as 
large as permissible, since the objecl simp l y is to in-
crease the moment of inertia around a line in dire c tion of 
tIle chord . 
The nodes measured on a 9-foot propeller at the Lab-
oratory for the third node are given as an illustration 
in figure 7. 
<------------- -- 5411 ---- - --- --
i'--I .!-I-----:~~;----------------------------r~~ i 
i-_- __ ~_- --I -~~=i~ 
~ 3511 ------- >!<--1 21 11--->j<-- f) 1I - 1 
Fi.gur e 7 . 
It is evident frO B the figure that, i~ order to 
raise the frequency of the tl ird- order vibration, the 
particular propeller shown should be t~ickened at the 
stations: a pproximately 41 inches , 25 inches, and hub . 
I n order to save weight it should be th inned out at the 
stations : tip (54), 35 , ail~ app roximn tely 15 . 
The identical or rev e rse p roce dure may be a pplied to 
lower or raise any on e of the v a rious frequ encies. 
THE EFFECT OF CElT TRIFUGAL FORCE OrT PROPE LLER VI BRATIO N S 
Elementary considerations s h ow hat t h e cen t rifuga l 
force acting on a revolving pro p eller increases the vibra-
tion frequencies of t~e various har monics . T~e question 
then is how f a r the frequencies obt a ine d on a nonrevolving 
propeller may be u sed to consi d er actual conditions . It 
shall be shown that t he effect is c on siderable . It is 
sub j ect to a rather strai G~:tforward computation, which, 
however, in the case of a true p rop eller s h ape beco mes 
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very laborious . The method is given by Ho h e n emser (ref er-
e nce 4) , who carri e s through the cal culati on for the three 
lowest modes on a simpl ifi e d (triangle shaped) length sec-
t ion. The author has dev i se d a very c onveniont method for 
dete rmining the ef f ect . It is ba sed on the following rea-
soning . 
The f r equenc y in any mo de depends on the rati o of 
stored potenti a l energy of the deflected structure to the 
mass of the structure t i me s the squa r e of the deflection. 
The sto r ed potential ene r g i es a r e now tw o k inds, viz, the 
bend ing ener g y E b and t he e ner gy due to the centrifuga l 
fo rce Ec ' If the r a tios of the two kinds of stored ener-
g i es are kept constant , there r esu l ts a fre quency of vi-
bratio nal p r op ortional to the orig inal p ur e bending fr e -
que ncy . 
The f r eque ncy due to b ending has be en shown to be 
g iv e n by 
f b = ~2 V s f ( s ) 
w::ere Vs = If ( sound velocity in the material) . The 
frequenc y duo to centrifugal force alone i s g ive n by 
(s e e referen c e 1, page 367 ) , 
wI ere w is the f r equen cy of r evolution and f(s), like 
fl \. s) , dep end s only on the shape and is def ini t e number 
for the d e f i n e d ~ :i,.!!!i.1.§:E.. p r o p e 1 1 e r s • 
The 
f( x) 
resulting fre qu ency in any part icular mode 
i s g iven by 
By the s i mple exp edient of keeping the ratio of t he 
express ions fb t o fe constant, a ma thematical ly cor-
rect reprodu ction of the r elat iv e frequencie s is obtained . 
This r atio is for .§.t~iJ._9.:.!, p ropell e rs, except for a c on-
stant 
D -r D Vs s R = 12 W 1 Vm 
where VT i s the tip velocity . 
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The. rule i s obtained : 
The relative increase i n frequ~ncy due to ce~trifugal 
.:fQr c e in §.i~il§:.!:. propel l e r s is the same , f ·or .the same value 
D Vs 
of the quantity R = L V; 
Th i s fact is very useful . I t is obv i ou s l y very diffi-
cult to obtain experimen t a l results on a ful l- size pro -
pe·ller. I denti ,cal increases due to the centrifugal force 
are obtained ~y reducing the cross section, howeve r , say 
10 t i mes ; and runn i ng the result i ng thin propeller at one-
tenth speed . For a fu ll- scale propelle r show i ng a fre -
quency of 2,000 cycles per minute at rest and , say 3 , 000 
cycles pe r minute at 2,000 r . p . m. , th e re is obtained on 
the ~l1. i n reproduction 200 cycles ,per minute at rest and 
300 cycles per minute at 200 r . p . m. 
The experiment is very easy to perfo r m on this thin 
copy . The horsepower requirement is down to one thousandth 
of the former value . It was found desirable to enclose 
the entire propeller in a protecting tube to preve~t the 
- air damping fro~ influencin~ the results . 
The ' experimerital installation is showri in figure 8 ' 
wi th the tube off and in figure 9 with the tube on . Tbe 
propeller is mounted ho r izontally to avoid any effects of 
gravity . A vibrator is mounted near the ' hub to ,impose vi-
brations at any desired frequency in a vertical direction . 
Critical f r equencies make themselves evident by the pro-
peller tip hitting the metal tube , which acts as a bell • 
. The propeller is run at a certain revolution speed and 
the vibrator is g radually speeded up until the sound from 
the tube is heard . The maxilimm is car'efully adjusted and 
noted . 
The results of the fi r st e~periment of this type are 
given i n figure 10 . The abscissa is here the revolution 
speed of ' the propeller and the ~rd inate is the vibration 
frequency . (Eoth v a lues have neen multiplied by 10 . ) 
Althou~h th e results may ' be considered somewhat p relimi-
nary they are in remarkably good agreement with those by 
Liebers (references 5 a nd 6 ) foi the fundamental and with 
the values calculated by ilohenemser (reference 4) for the 
second and third harmonics . Hohenemse r g iv e s for the val-
L ,----:: -
ue c in the usual formula . f = ,.J f 0 2 + C 1~2 the values 
2 . 5 < c< 3. 9 f~r , the second and c < 12 . 2 for the third, 
J 
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both c a lculat ed for the simplified case of the triangular 
length section perpe .. d i cu1ar t o the blade and constant 
width . Th e La botator y experi.ent g ives, for comparison, 
the values indicated in parentheses in the figure and re-
produced in the following : 
Valu es of c 
Hohe lemse r 
1 . A . C. A. mea sured calculated for 
.experimentally triangular length 
section 
1st mode 1.7 
2 d mode 2 . 8 3 . 5 2 . 5 - 3 .9 
3 d mod e 12 - 12 . 3 < 12.2 
4th mode 21 - 24 
On t h e basi~ ·of the experience ga ined , it is the in-
tention to refine the method to obtain g reater accuracy. 
In part iclla r the . resp onses were not quite as definite as 
they could have been, owing to a damping effect of the 
rather heavy auxiliary su~porting structure. A new design 
is under constructio n . It is p lanned to study the effect 
Of part icul a ~ shapes in more detail. 
THE EFFECT OF UNDESIRABLE PROPELLER 
CP_4JJKSHAFT CO ~,1BINATIONS 
F i gures 11 an d 12 show typical cases, each with two 
diffe rent propellers . The cu r ve d lines are the successive 
p rop el ler modes, reconstructed by means of the expe rimen-
ta l values obtain ed for c, and the h orizontal line gives 
the mea sur ed crankshaft critical . 
The l at ter is obtained in the s ame type of experiment 
a s already d escribed for the determination of the station-
a ry p rope lle r frequencies . Equivalent wei gh ts a re used in 
the crankpins to replace the piston s ystem . The auxiliary 
d riv es have also been removed . This p rocedure results in 
a very sharp and well-defined shaft critical. This value 
N.A.C.A. Technical Note No . 516 11 
was f ound to be 9,800 cycles per minute for the P. & W. 
Wasp, corresponding to 2,180 r . p . m. for the 9- cy1inder 
engine, and at 12, 60 0 r . p . m. or 1,800 r . p . m. for the 14-
cyl i nder 2-row R- 1830 engine . The former result is in 
very good agreement with results obtained at Wright Field 
with the Prescott Indicator (reference 7, page 3). The 
second result appears to be 100 - 200 cycles per minute 
higher than similar results obtained by the Prescott In-
dicator . The present experiment wa s performed mainly to 
demonstrate the method, and no attempt will be made to 
explain minor discrepancies. 
The conclusions to be drawn from the propeller- eng ine 
characteristics shown in figures 11 and 12 are that the 
former repr esents a desirable combination i n th e range 
1,500 - 2,180 r . p . m. for one propeller and 1,300 - 2,180 
for the second . The range could be extended downward, 
however, by employing a more flexible propeller than e i -
ther of the tuo types shown. It is s een that the second 
mode g oe s in to resonances with the exp losion impulses of 
the en g ine at 1,500 and 1, 300 for the two p ropellers, r e-
spectively, and that the third ~ode even for the second 
propeller (do t ted) is beyond the range entirely. Conclu-
sions f ro m the second diagram (fig. 12) a re that th is is 
a very undesirable combination . At 1,800 r . p . m. , not on-
ly the crankshaft critical but also the third mode of both 
p ro pellers are in resonance with the ex?losion frequency 
of the 14-cylinder eng in e . Remedy : - Empl oy a p ro peller 
with the third mode at about 12,500 cycl e s per minute, 
and lower the shaft cri t ical speed (if necessary by mean s 
of spring hub) to about 8 , 500 cycles pe r minute . This 
procedure will leave the r ange 1,250 to 2,000 r. p . m. 
cl ea r . Di agram s of thi s type are consider ed indi spensable 
in connection wit h a ircraft - engine p r opel l e r inst allations . 
PROPELLER FAILURES 
~hen the explosion frequency is in r esonance with th e 
shaft critical speed, ther e results a variable torque of 
considerabl e magn i tude . From considerations of the moments 
of inertia and the known frequencies it is found that the 
twist of the crankshaft due to the ful l-lo ad torque of the 
engine is of the orde r of 1/40 for the radial type s in-
vestigat ed . Let it be assumed that the var i a bl e torque 
amplitude is about one quarter of this average value, or 
about 1/16 0 • Now deflections have been observed in ope r-
--------_._- --- --_. 
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at ion of 1 0 · ~nd e've~l a s much as 2° , wh ich mean's t ha't 'the 
va::iable to r 'que due t,o , Teso nan ce ha s be e n increa s'ed by a 
fa c to r of 1 .6 to 32 . Th i s t' o r q11e ' en te'rs the p r opelle'r 
shank as a bending mo., e~l t and', if the va 'lues' g'iven- a :re ' 
fa 'irly r ep r 'esen tative , ' the 'shan}: is ' 'subjected' t o au alt'er-
natin~ b~nd ing mo ment 01 f rdm 1 6 to i2 ~ ~me s the stati~ " 
value , ar 'f r om 4 , td 8 times t hi nor~al ave rag~ bending 
mo m en t , 'r e s u I tin g ' fro tl 't h e air ' l oa d. • ' I t" is ' 00 vi 0 u s ' t 11a t 
th~ c~ndition m~y ' b e , dan~erou s ' , i ns ofar as the ' endti r a nce 
l i mit may be ' ~~ce eded . I f t he shaft is not' ~u~niri~ a t it~ 
critica l spee d but in reso nancB with 011e 'of t 'he p ro p eller 
modes th e strain is at norI:la l v a l p.e nea r the hu b; whe reas 
a tip br ea'kag e may 0 c cur. 
The condition of double r e so nance , a B wa B ind ica ted 
t o ' occur in the case r 'ep roduced in f i g'Ur-e ' '12, is still 
more' 'dang-e rous a s ' fa r as, a tip failure i 's c"oncerned, al-
tnough ' it will de p end on t he' re la t ive circumst an ce's wheth':' 
e r a shank or a ,tip fai l u re will r~sult. 
La nglei Me ciorial A e~oni~tic al Laborato r y , 
Na tiotial Advi sory Co mmitte e for ieronau tics, 
Lang l~y Fiel d , Va ., J anu~ry '1 &, 1935. 
J 
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